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Feynman’s Preface

These are the lectures 1n physics that I gave last year and the year before to the
freshman and sophomore classes at Caltech. The lectures are, of course, not
verbatim—they have been edited, sometimes extensively and sometimes less so.
The lectures form only part of the complete course. The whole group of 180
students gathered in a big lecture room twice a week to hear these lectures and
then they broke up into small groups of 15 to 20 students in recitation sections
under the gmidance of a teaching assistant. In addition, there was a laboratory
session once a week.

The special problem we tried to get at with these lectures was to maintain the
interest of the very enthusiastic and rather smart students coming out of the high
schools and nto Caltech. They have heard a lot about how interesting and excit-
ing physics 1s—the theory of relativity, quantum mechanics, and other modern
ideas. By the end of two years of our previous course, many would be very dis-
couraged because there were really very few grand, new, modern ideas presented
to them. They were made to study inclined planes, electrostatics, and so forth,
and after two years it was quite stultifying. The problem was whether or not we
could make a course which would save the more advanced and excited student by
maintaming his enthusiasm.

The lectures here are not in any way meant to be a survey course, but are very
serious. 1 thought to address them to the most intelligent in the class and to make
sure, if possible, that even the most intelligent student was unable to completely
encompass everything that was in the lectures—by putting in suggestions of appli-
cations of the 1deas and concepts in various directions outside the main line of
attack. For this reason, though, I tried very hard to make all the statements as
accurate as possible, to point out in every case where the equations and ideas fitted
into the body of physics, and how—when they learned more—things would be
modified. I also felt that for such students it is important to indicate what 1t is
that they should—if they are sufficiently clever—be able to understand by deduc-
tion from what has been said before, and what 1s being put in as something new.
When new ideas came 1n, I would try either to deduce them if they were deducible,
or to explain that 1t was a new idea which hadn’t any basis in terms of things they
had already learned and which was not supposed to be provable—but was just
added in

At the start of these lectures, I assumed that the students knew something when
they came out of high school—such things as geometrical optics, simple chemistry
ideas, and so on. I also didn’t see that there was any reason to make the lectures
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in a definite order, in the sense that I would not be aliowed to mention something
until I was ready to discuss it 1n detail. There was a great deal of mention of things
to come, without complete discussions. These more complete discussions would
come later when the preparation became more advanced. Examples are the dis-
cussions of inductance, and of energy levels, which are at first brought in in a
very qualitative way and are later developed more completely.

At the same time that I was aiming at the more active student, I also wanted
to take care of the fellow for whom the extra fireworks and side applications are
merely disquieting and who cannot be expected to learn most of the material in
the lecture at all. For such students I wanted there to be at least a central core or
backbone of material which he could get. Even if he didn’t understand everything
1n a lecture, I hoped he wouldn’t get nervous. I didn’t expect him to understand
everything, but only the central and most direct features. It takes, of course, a
certain intelligence on his part to see which are the central theorems and central
ideas, and which are the more advanced side issues and applications which he may
understand only in later years.

In giving these lectures there was one serious difficulty: in the way the course
was given, there wasn’t any feedback from the students to the lecturer to indicate
how well the lectures were going over. This 1s indeed a very serious difficulty,
and I don’t know how good the lectures really are. The whole thing was essentially
an experiment. And 1f I did 1t again I wouldn’t do it the same way—I hope 1
don’r have to do it again! I think, though, that things worked out—so far as the
physics is concerned—quite satisfactorily 1n the first year.

In the second year I was not so satisfied. In the first part of the course, dealing
with electricity and magnetism, I couldn’t think of any really unique or different
way of doing it—of any way that would be particularly more exciting than the
usual way of presenting it. So I don’t think I did very much in the lectures on
electricity and magnetism. At the end of the second year I had originally intended
to go on, after the electricity and magnetism, by giving some more lectures on the
properties of materials, but mainly to take up things like fundamental modes,
solutions of the diffusion equation, vibrating systems, orthogonal functions, ...
developing the first stages of what are usually called ““the mathematical methods of
physics.” In retrospect, I think that if 1 were doing it again I would go back to
that original idea. But since it was not planned that I would be giving these lec-
tures again, it was suggested that it might be a good 1dea to try to give an introduc-
tion to the quantum mechanics—what you will find in Volume I11.

It 1s perfectly clear that students who will major 1n physics can wait until their
third year for quantum mechanics. On the other hand, the argument was made
that many of the students in our course study physics as a background for their
primary interest in other fields. And the usual way of dealing with quantum
mechanics makes that subject almost unavailable for the great majority of students
because they have to take so long to learn it. Yet, in 1ts real applications—espe-
cially in 1ts more complex applications, such as in electrical engineering and chem-
istry—the full machinery of the differential equation approach 1s not actually
used. So I tried to describe the principles of quantum mechanics in a way which
wouldn’t require that one first know the mathematics of partial differential equa-
tions. Even for a physicist 1 think that is an interesting thing to try to do—to
present quantum mechanics in this reverse fashion—for several reasons which
may be apparent in the lectures themselves. However, I think that the experiment
in the quantum mechanics part was not completely successful—in large part
because I really did not have enough time at the end (I should, for instance, have
had three or four more lectures in order to deal more completely with such matters
as energy bands and the spatial dependence of amplitudes). Also, I had never
presented the subject this way before, so the lack of feedback was particularly
serious. I now believe the quantum mechanics should be given at a later time.
Maybe I'll have a chance to do it again someday. Then I’ll do 1t right.

The reason there are no lectures on how to solve problems is because there were
recitation sections. Although I did put in three lectures 1n the first year on how to
solve problems, they are not included here. Also there was a lecture on inertial
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gutdance which certainly belongs after the lecture on rotating systems, but which
was, unfortunately, omutted. The fifth and sixth lectures are actually due to
Matthew Sands, as [ was out of town. >

The questton, of course, 1s how well this experiment has succeeded. My own
point of view—which, however, does not seem to be shared by most of the people
who worked with the students—is pessimistic. I don’t think I did very well by the
students. When [ look at the way the majority of the students handled the problems
on the examnations, I think that the system is a faillure Of course, my friends
point out to me that there were one or two dozen students who—very surprisingly
—understood almost everything in all of the lectures, and who were quite active
in working with the material and worrying about the many points in an excited
and interested way. These people have now, I behieve, a first-rate background in
physics—and they are, after all, the ones I was trying to get at. But then, “The
power of instruction is seldom of much efficacy except 1n those happy dispositions
where it 1s almost superfluous ” (Gibbons)

Still, I didn’t want to leave any student completely behind, as perhaps I did.
I think one way we could help the students more would be by putting more hard
work 1nto developing a set of problems which would elucidate some of the 1deas
in the lectures. Problems give a good opportunity to fill out the materal of the
lectures and make more realistic, more complete, and more settled in the mind
the 1deas that have been exposed.

1 think, however, that there isn’t any solution to this problem of education
other than to realize that the best teaching can be done only when there is a direct
individual relationship between a student and a good teacher—a situation in which
the student discusses the ideas, thinks about the things. and talks about the things.
It’s impossible to learn very much by simply sitting in a lecture, or even by simply
doing problems that are assigned. But in our modern times we have so many
students to teach that we have to try to find some substitute for the 1deal. Perhaps
my lectures can make some contribution. Perhaps in some small place where
there are individual teachers and students, they may get some inspiration or some
ideas from the lectures. Perhaps they will have fun thinking them through—or
going on to develop some of the ideas further.

RICHARD P. FEYNMAN
June, 1963



Foreword

For some forty years Richard P. Feynman focussed his curiosity on the mys-
terious workings of the physical world, and bent his intellect to searching out the
order in its chaos. Now, he has given two years of his ability and his energy to
his Lectures on Physics for beginning students. For them he has distilled the
essence of his knowledge, and has created in terms they can hope to grasp a
picture of the physicist’s universe. To his lectures he has brought the brilliance
and clarity of his thought, the originality and vitality of his approach, and the
contagious enthusiasm of his delivery. It was a joy to behold.

The first year’s lectures formed the basis for the first volume of this set of
books. We have tried in this the second volume to make some kind of a record
of a part of the second year’s lectures—which were given to the sophomore
class during the 1962-1963 academic year. The rest of the second year’s lec-
tures will make up Volume III.

Of the second year of lectures, the first two-thirds were devoted to a fairly
complete treatment of the physics of electricity and magnetism. Its presentation
was intended to serve a dual purpose. We hoped, first, to give the students a
complete view of one of the great chapters of physics—from the early gropings
of Franklin, through the great synthesis of Maxwell, on to the Lorentz electron
theory of material properties, and ending with the still unsolved dilemmas of
the electromagnetic self-energy. And we hoped, second, by introducing at the
outset the calculus of vector fields, to give a solid introduction to the mathe-
matics of field theories To emphasize the general utility of the mathematical
methods, related subjects from other parts of physics were sometimes analyzed
together with their electric counterparts. We continually tried to drive home
the generality of the mathematics. (“The same equations have the same solu-
tions.”) And we emphasized this point by the kinds of exercises and examina-
tions we gave with the course.

Following the electromagnetism there are two chapters each on elasticity and
fluid flow. In the first chapter of each pair, the elementary and practical aspects
are treated. The second chapter on each subject attempts to give an overview of
the whole complex range of phenomena which the subject can Jead to. These
four chapters can well be omitted without serious loss, since they are not at all a
necessary preparation for Volume III.

The last quarter, approximately, of the second year was dedicated to an intro-
duction to quantum mechanics. This material has been put into the third volume.

In this record of the Feynman Lectures we wished to do more than provide a
transcription of what was said. We hoped to make the written version as clear
an exposition as possible of the ideas on which the original lectures were based
For some of the lectures this could be done by making only minor adjustments
of the wording in the original transcript. For others of the lectures a major re-
working and rearrangement of the material was required. Sometimes we felt
we should add some new material to improve the clarity or balance of the pres-
entation. Throughout the process we benefitted from the continual help and
advice of Professor Feynman

The translation of over 1,000,000 spoken words into a coherent text on a
tight schedule is a formidable task, particularly when it is accompanied by the
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other onerous burdens which come with the introduction of a new course—
preparing for recitation sections, and meeting students, designing exercises and
examinations, and grading them, and so on. Many hands—and heads—were
involved. In some instances we have, I believe, been able to render a faithful
mmage—or a tenderly retouched portrait—of the original Feynman. In other
instances we have fallen far short of this ideal. Our successes are owed to all
those who helped. The failures, we regret.

As explained in detail in the Foreword to Volume I, these lectures were but
one aspect of a program initiated and supervised by the Physics Course Revision
Committee (R. B. Leighton, Chairman, H. V. Neher, and M. Sands) at the
California Institute of Technology, and supported financially by the Ford Foun-
dation. In addition, the following people helped with one aspect or another of
the preparation of textual material for this second volume: T. K. Caughey,
M. L. Clayton, J. B. Curcio, J. B. Hartle, T. W. H. Harvey, M. H. Israel,
W. J. Karzas, R. W. Kavanagh, R. B. Leighton, J. Mathews, M. S. Plesset,
F. L. Warren, W. Whaling, C. H. Wilts, and B. Zimmerman. Others con-
tributed indirectly through their work on the course: J. Blue, G. F. Chapline,
M. J. Clauser, R. Dolen, H. H. Hill, and A. M. Title. Professor Gerry Neuge-
bauer contributed in all aspects of our task with a diligence and devotion far
beyond the dictates of duty.

The story of physics you find here would, however, not have been, except for
the extraordinary ability and industry of Richard P. Feynman.

MATTHEW SANDS
March, 1964
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Electromagnetism

1-1 Electrical forces

Consider a force like gravitation which varies predominantly inversely as the
square of the distance, but which is about a billion-billion-billion-billion times
stronger. And with another difference. There are two kinds of ‘“matter,” which
we can call positive and negative. Like kinds repel and unlike kinds attract—
unlike gravity where there is only attraction. What would happen?

A bunch of positives would repel with an enormous force and spread out in
all directions. A bunch of negatives would do the same. But an evenly mixed
bunch of positives and negatives would do something completely different. The
opposite pieces would be pulled together by the enormous attractions. The net
result would be that the terrific forces would balance themselves out almost per-
fectly, by forming tight, fine mixtures of the positive and the negative, and between
two separate bunches of such mixtures there would be practically no attraction or
+ pepulsion at all.

There is such a force: the electrical force. And all matter is a mixture of posi-
tive protons and negative electrons which are attracting and repelling with this
great force. So perfect is the balance, however, that when you stand near someone
else you don’t feel any force at all. If there were even a little bit of unbalance you
would know it. If you were standing at arm’s length from someone and each of
you had one percent more electrons than protons, the repelling force would be in-
credible. How great? Enough to lift the Empire State Building? No! To lift
Mount Everest? No! The repulsion would be enough to lift a “weight” equal to
that of the entire earth!
~ With such enormous forces so perfectly balanced in this intimate mixture, it
{8 not hard to understand that matter, trying to keep its positive and negative
charges in the finest balance, can have a great stiffness and strength. The Empire
State Building, for example, swings only eight feet in the wind because the electrical
forces hold every electron and proton more or less in its proper place. On the other
band, if we look at matter on a scale small enough that we see only a few atoms,
any small piece will not, usually, have an equal number of positive and negative
charges, and so there will be strong residual electrical forces. Even when there are
equal numbers of both charges in two neighboring small pieces, there may still be
large net electrical forces because the forces between individual charges vary
inversely as the square of the distance. A net force can arise if a negative charge of
gne piece is closer to the positive than to the negative charges of the other piece.
The attractive forces can then be larger than the repulsive ones and there can be a
net attraction between two small pieces with no excess charges. The force that holds
the atoms together, and the chemical forces that hold molecules together, are
really electrical forces acting in regions where the balance of charge is not perfect,
or where the distances are very small.

You know, of course, that atoms are made with positive protons in the
nucleus and with electrons outside. You may ask: “If this electrical force is so

_terrific, why don’t the protons and electrons just get on top of each other? If they
want to be in an intimate mixture, why isn’t it still more intimate?”” The answer
has to do with the quantum effects. If we try to confine our electrons in a region
that is very close to the protons, then according to the uncertainty principle they
must have some mean square momentum which is larger the more we try to con-
fine them. It is this motion, required by the laws of quantum mechanics, that keeps

- the electrical attraction from bringing the charges any closer together.
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There is another question: “What holds the nucleus together”? In a nucleus
there are several protons, all of which are positive. Why don’t they push them-
selves apart? It turns out that in nuclei there are, in addition to electrical forces,
nonelectrical forces, called nuclear forces, which are greater than the electrical
forces and which are able to hold the protons together in spite of the electrical
repulsion. The nuclear forces, however, have a short range—their force falls off
much more rapidly than 1/r2. And this has an important consequence. If a
nucleus has too many protons in it, it gets too big, and it will not stay together. An
example is uranium, with 92 protons. The nuclear forces act mainly between each
proton (or neutron) and its nearest neighbor, while the electrical forces act over
larger distances, giving a repulsion between each proton and all of the others in
the nucleus. The more protons in a nucleus, the stronger is the electrical repulsion,
until, as in the case of uranium, the balance is so delicate that the nucleus is almost
ready to fly apart from the repulsive electrical force. If such a nucleus is just
“tapped” lightly (as can be done by sending in a slow neutron), it breaks into two
pieces, each with positive charge, and these pieces fly apart by electrical repulsion.
The energy which is liberated is the energy of the atomic bomb. This energy is
usually called “nuclear” energy, but it is really “‘electrical’” energy released when
electrical forces have overcome the attractive nuclear forces.

We may ask, finally, what holds a negatively charged electron together (since
it has no nuclear forces). If an electron is all made of one kind of substance, each
part should repel the other parts. Why, then, doesn’t it fly apart? But does the
electron have “parts”? Perhaps we should say that the electron is just a point and
that electrical forces only act between different point charges, so that the electron
does not act upon itself. Perhaps. All we can say is that the question of what
holds the electron together has produced many difficulties in the attempts to form
a complete theory of electromagnetism. The question has never been answered.
We will entertain overselves by discussing this subject some more in later chapters.

As we have seen, we should expect that it is a combination of electrical forces
and quantum-mechanical effects that will determine the detailed structure of
materials in bulk, and, therefore, their properties. Some materials are hard, some
are soft. Some are electrical “conductors”—because their electrons are free to
move about; others are “insulators”—because their electrons are held tightly to
individual atoms. We shall consider later how some of these properties come about,
but that is a very complicated subject, so we will begin by looking at the electrical
forces only in simple situations. We begin by treating only the laws of electricity—
including magnetism, which is really a part of the same subject.

We have said that the electrical force, like a gravitational force, decreases
inversely as the square of the distance between charges. This relationship is called
Coulomb’s law. But it is not precisely true when charges are moving—the elec-
trical forces depend also on the motions of the charges in a complicated way. One
part of the force between moving charges we call the magnetic force. It is really
one aspect of an electrical effect. That is why we call the subject “electromag-
netism.”

There is an important general principle that makes it possible to treat elec-
tromagnetic forces in a relatively simple way. We find, from experiment, that the
force that acts on a particular charge—no matter how many other charges there
are or how they are moving—depends only on the position of that particular
charge, on the velocity of the charge, and on the amount of charge. We can write
the force F on a charge ¢ moving with a velocity v as

F = g(E + v X B). (1.1)

We call E the electric field and B the magnetic field at the location of the charge.
The important thing is that the electrical forces from all the other charges in the
universe can be summarized by giving just these two vectors. Their values will
depend on where the charge is, and may change with time. Furthermore, if we
replace that charge with another charge, the force on the new charge will be just
in proportion to the amount of charge so long as all the rest of the charges in the
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world do not change their positions or motions. (In real situations, of course, each
charge produces forces on all other charges in the neighborhood and may cause
these other charges to move, and so in some cases the fields can change if we replace
our particular charge by another.)

We know from Vol. I how to find the motion of a particle if we know the force
on it. Equation (1.1) can be combined with the equation of motion to give

H%[(T’_—U%EJ =F=qE+vXB) (1.2)

So if E and B are given, we can find the motions. Now we need to know how the
E’s and B’s are produced.

One of the most important simplifying principles about the way the fields are
produced is this: Suppose a number of charges moving in some manner would
produce a field E,, and another set of charges would produce E,. If both sets of
charges are in place at the same time (keeping the same locations and motions
they had when considered separately), then the field produced is just the sum

E = E, + E,. (1.3)

This fact is called the principle of superposition of fields. It holds also for magnetic
fields.

This principle means that if we know the law for the electric and magnetic
fields produced by a single charge moving in an arbitrary way, then all the laws of
electrodynamics are complete. If we want to know the force on charge 4 we need
only calculate the E and B produced by each of the charges B, C, D, etc., and then
add the E’s and B’s from all the charges to find the fields, and from them the
forces acting on charge 4. If it had only turned out that the field produced by a
single charge was simple, this would be the neatest way to describe the laws of
electrodynamics. We have already given a description of this law (Chapter 28,
Vol. I) and it is, unfortunately, rather complicated.

It turns out that the form in which the laws of electrodynamics are simplest
are not what you might expect. It is noz simplest to give a formula for the force that
one charge produces on another. It is true that when charges are standing still the
Coulomb force law is simple, but when charges are moving about the relations are
complicated by delays in time and by the effects of acceleration, among others.
As a result, we do not wish to present electrodynamics only through the force
laws between charges; we find it more convenient to consider another point of
view—a point of view in which the laws of electrodynamics appear to be the most
easily manageable.

1-2 Electric and magnetic fields

First, we must extend, somewhat, our ideas of the electric and magnetic
vectors, E and B. We have defined them in terms of the forces that are felt by a
charge. We wish now to speak of electric and magnetic fields ar a point even when
there is no charge present. We are saying, in effect, that since there are forces
“acting on”’ the charge, there is still “something” there when the charge is removed.
If a charge located at the point (x, y, ) at the time ¢ feels the force F given by
Eq. (1.1) we associate the vectors E and B with the point in space (x, y, z). We may
think of E(x, y, z, 7) and B(x, y, z, ) as giving the forces that would be experienced
at the time ¢ by a charge located at (x, y, z), with the condition that placing the charge
there did not disturb the positions or motions of all the other charges responsible
for the fields.

Following this idea, we associate with every point (x, y, z) in space two vectors
E and B, which may be changing with time. The electric and magnetic fields are,
then, viewed as vector functions of x, y, z, and t. Since a vector is specified by its
components, each of the fields E(x, y, z, ¢) and B(x, y, z, f) represent three mathe-
matical functions of x, y, z, and ¢.
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Fig. 1-1. A vector field may be
represented by drawing a set of arrows
whose magnitudes and directions indicate
the values of the vector field at the points
from which the arrows are drawn.
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Fig. 1-2. A vector field can be
represented by drawing lines which are
tangent to the direction of the field vector
at each point, and by drawing the density
of lines proportional to the magnitude of
the field vector.
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Fig. 1-3. The flux of a vector field
through a surface is defined as the
average value of the normal component
of the vector times the area of the surface.

It is precisely because E (or B) can be specified at every point in space that it is
called a “field.” A *field” is any physical quantity which takes on different values
at different points in space. Temperature, for example, is a field—in this case a
scalar field, which we write as T(x, y, z). The temperature could also vary in time,
and we would say the temperature field is time-dependent, and write T(x, y, z, #).
Another example is the “velocity field” of a flowing liquid. We write v(x, y, z, 1)
for the velocity of the liquid at each point in space at the time ¢. It is a vector field.

Returning to the electromagnetic fields—although they are produced by
charges according to complicated formulas, they have the following important
characteristic: the relationships between the values of the fields at one point and
the values at a nearby point are very simple. With only a few such relationships in
the form of differential equations we can describe the fields completely. It is in
terms of such equations that the laws of electrodynamics are most simply written.

There have been various inventions to help the mind visualize the behavior of
fields. The most correct is also the most abstract: we simply consider the fields as
mathematical functions of position and time. We can also attempt to get a mental
picture of the field by drawing vectors at many points in space, each of which gives
the field strength and direction at that point. Such a representation is shown in
Fig. 1-1. We can go further, however, and draw lines which are everywhere
tangent to the vectors—which, so to speak, follow the arrows and keep track of
the direction of the field. When we do this we lose track of the Jengths of the
vectors, but we can keep track of the strength of the field by drawing the lines far
apart when the field is weak and close together when it is strong. We adopt the
convention that the number of lines per unit area at right angles to the lines is pro-
portional to the field strength. This is, of course, only an approximation, and it
will require, in general, that new lines sometimes start up in order to keep the
number up to the strength of the field. The field of Fig. 1-1 is represented by
field lines in Fig. 1-2.

1-3 Characteristics of vector fields

There are two mathematically important properties of a vector field which
we will use in our description of the laws of electricity from the field point of view.
Suppose we imagine a closed surface of some kind and ask whether we are losing
“something” from the inside; that is, does the field have a quality of “outflow”?
For instance, for a velocity field we might ask whether the velocity is always out-
ward on the surface or, more generally, whether more fluid flows out (per unit
time) than comes in. We call the net amount of fluid going out through the surface
per unit time the “flux of velocity” through the surface. The flow through an
element of a surface is just equal to the component of the velocity perpendicular
to the surface times the area of the surface. For an arbitrary closed surface, the
net outward flow—or flux—is the average outward normal component of the
velocity, times the area of the surface:

Flux = (average normal component)-(surface area). (1.4)

In the case of an electric field, we can mathematically define something
analogous to an outflow, and we again call it the flux, but of course it is not the
flow of any substance, because the electric field is not the velocity of anything. It
turns out, however, that the mathematical quantity which is the average normal
component of the field still has a useful significance. We speak, then, of the
electric flux—also defined by Eq. (1.4). Finally, it is also useful to speak of the
flux not only through a completely closed surface, but through any bounded sur-
face. As before, the flux through such a surface is defined as the average normal
component of a vector times the area of the surface. These ideas are illustrated in
Fig. 1-3. .

There is a second property of a vector field that has to do with a line, rather
than a surface. Suppose again that we think of a velocity field that describes the
flow of a liquid. We might ask this interesting question: Is the liquid circulating?
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By that we mean: Is there a net rotational motion around some loop? Suppose
that we instantaneously freeze the liquid everywhere except inside of a tube which
is of uniform bore, and which goes in a loop that closes back on itself as in
Fig. 1-4. Outside of the tube the liquid stops moving, but inside the tube it may
keep on moving because of the momentum in the trapped liquid—that is, if there is
more momentum heading one way around the tube than the other. We define a
quantity called the circulation as the resulting speed of the liquid in the tube times its
circumference. We can again extend our ideas and define the “circulation” for any
vector field (even when there isn’t anything moving). For any vector field the
circulation around any imagined closed curve is defined as the average tangential
component of the vector (in a consistent sense) multiplied by the circumference
of the loop (Fig. 1-5).

Circulation = (average tangential component)-(distance around). (1.5)

You will see that this definition does indeed give a number which is proportional
to the circulation velocity in the quickly frozen tube described above.

With just these two ideas—flux and circulation—we can describe all the laws
of electricity and magnetism at once. You may not understand the significance of
the laws right away, but they will give you some idea of the way the physics of
electromagnetism will be ultimately described.

1-4 The laws of electromagnetism
The first law of electromagnetism describes the flux of the electric field:

the net charge inside
H

The flux of E through any closed surface = p
0

(1.6)

where €, is a convenient constant. (The constant ¢, is usually read as “epsilon-
zero” or “epsilon-naught”.) If there are no charges inside the surface, even though
there are charges nearby outside the surface, the average normal component of E
is zero, so there is no net flux through the surface. To show the power of this
type of statement, we can show that Eq. (1.6) is the same as Coulomb’s law, pro-
vided only that we also add the idea that the field from a single charge is spherically
symmetric. For a point charge, we draw a sphere around the charge. Then the
average normal component is just the value of the magnitude of E at any point,
since the field must be directed radially and have the same strength for all points on
the sphere. Our rule now says that the field at the surface of the sphere, times the
area of the sphere—that is, the outgoing flux—is proportional to the charge inside.
If we were to make the radius of the sphere bigger, the area would increase as
the square of the radius. The average normal component of the electric field times
that area must still be equal to the same charge inside, and so the field must decrease
as the square of the distance—we get an “inverse square” field.

If we have an arbitrary curve in space and measure the circulation of the
electric field around the curve, we will find that it is not, in general, zero (although
it is for the Coulomb field). Rather, for electricity there is a second law that states:
for any surface S (not closed) whose edge is the curve C,

Circulation of E around C = dit (flux of B through S). amn

We can complete the laws of the electromagnetic field by writing two corre-
sponding equations for the magnetic field B.

Flux of B through any closed surface = 0. (1.8)
For a surface S bounded by the curve C,

¢*(circulation of B around C) = % (flux of E through S)

flux of electric current through S .
€0

4

(1.9)
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liquid

Fig. 1-4. (a) The velocity field in a
liquid. Imagine a tube of uniform cross
section that follows an arbitrary closed
curve as in (b). If the liquid were suddenly
frozen everywhere except inside the
tube, the liquid in the tube would circulate
as shown in (c).
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Fig. 1-5. The circulation of a vector
field is the average tangential compo-
nent of the vector {in a consistent sense)
times the circumference of the loop.
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Fig. 1-6. A bar magnet gives a
J field B at a wire. When there is a current
along the wire, the wire moves because
of the force F = qv X B.

The constant c? that appears in Eq. (1.9) is the square of the velocity of light.
It appears because magnetism is in reality a relativistic effect of electricity. The
constant €, has been stuck in to make the units of electric current come out in a
convenient way.

Equations (1.6) through (1.9), together with Eq. (1.1), are all the laws of
electrodynamics*. As you remember, the laws of Newton were very simple to
write down, but they had a lot of complicated consequences and it took us a long
time to learn about them all. These laws are not nearly as simple to write down,
which means that the consequences are going to be more elaborate and it will take
us quite a lot of time to figure them all out. '

We can illustrate some of the laws of electrodynamics by a series of small
experiments which show qualitatively the interrelationships of electric and
magnetic fields. You have experienced the first term of Eq. (1.1) when combing
your hair, so we won’t show that one. The second part of Eq. (1.1) can be demon-
strated by passing a current through a wire which hangs above a bar magnet, as
shown in Fig. 1-6. The wire will move when a current is turned on because of the
force F = qv X B. When a current exists, the charges inside the wire are moving,
so they have a velocity v, and the magnetic field from the magnet exerts a force on
them, which results in pushing the wire sideways.

When the wire is pushed to the left, we would expect that the magnet must
feel a push to the right. (Otherwise we could put the whole thing on a wagon and
have a propulsion system that didn’t conserve momentum!) Although the force is
too small to make movement of the bar magnet visible, a more sensitively sup-
ported magnet, like a compass needle, will show the movement.

How does the wire push on the magnet? The current in the wire produces a
magnetic field of its own that exerts forces on the magnet. According to the last

Lines of B
from wire

I0
+ TERMINAL

Fig. 1-7. The magnetic fleld of the
wire exerts a force on the magnet.

* We need only to add a remark about some conventions for the sign of the circulation.
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Fig. 1-8. Two wires, carrying cur-
rent, exert forces on each other.

term in Eq. (1.9), a current must have a circulation of B—in this case, the lines of
B are loops around the wire, as shown in Fig. 1-7. This B-field is responsible for
the force on the magnet.

Equation (1.9) tells us that for a fixed current through the wire the circulation
of Bis the same for any curve that surrounds the wire. For curves—say circles—
that are farther away from the wire, the circumference is larger, so the tangential
component of B must decrease. You can see that we would, in fact, expect B to
decrease linearly with the distance from a long straight wire.

Now, we have said that a current through a wire produces a magnetic field,
and that when there is a magnetic field present there is a force on a wire carrying a
current. Then we should also expect that if we make a magnetic field with a current
in one wire, it should exert a force on another wire which also carries a current.
This can be shown by using two hanging wires as shown in Fig. 1-8. When the
currents are in the same direction, the two wires attract, but when the currents are
opposite, they repel.

In short, electrical currents, as well as magnets, make magnetic fields. But wait,
what is a magnet, anyway? If magnetic fields are produced by moving charges, is
it not possible that the magnetic field from a piece of iron is really the result of
currents? It appears to be so. We can replace the bar magnet of our experiment
with a coil of wire, as shown in Fig. 1-9. When a current is passed through the
coil—as well as through the straight wire above it—we observe a motion of the
wire exactly'as before, when we had a magnet instead of a coil. In other words,
the current in the coil imitates a magnet. It appears, then, that a piece of iron acts
as though it contains a perpetual circulating current. We can, in fact, understand
magnets in terms of permanent currents in the atoms of the iron. The force on the
magnet in Fig. 1-7 is due to the second term in Eq. (1.1).

B
. 10
(trom coil) + TERMINAL

fon wire)

—TTﬂpMmN. COIL OF WIRE
Teon Fig. 1-9. The bar magnet of Fig. 1-6

can be replaced by a coil carrying an
electrical current. A similar force acts
on the wire.
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Where do the currents come from? One possibility would be from the motion
of the electrons in atomic orbits. Actually, that is not the case for iron, although
it is for some materials. In addition to moving around in an atom, an electron
also spins about on its own axis—something like the spin of the earth—and it is
the current from this spin that gives the magnetic field in iron. (We say “some-
thing like the spin of the earth” because the question is so deep in quantum me-
chanics that the classical ideas do not really describe things too well.) In most
substances, some electrons spin one way and some spin the other, so the mag-
netism cancels out, but in iron—for a mysterious reason which we will discuss
later—many of the electrons are spinning with their axes lined up, and that is the
source of the magunetism.

Since the fields of magnets are from currents, we do not have to add any extra
term to Eqgs. (1.8) or (1.9) to take care of magnets. We just take all currents,
including the circulating currents of the spinning electrons, and then the law is
right. You should also notice that Eq. (1.8) says that there are no magnetic
“charges” analogous to the electrical charges appearing on the right side of
Eq. (1.6). None has been found.

Current

Fig. 1~10. The circulation of B
around the curve C is given either by the
current passing through the surface Sy,
or by the rate of change of the flux of E
through the surface S,.

Surface Sp

The first term on the right-hand side of Eq. (1.9) was discovered theoretically
by Maxwell and is of great importance. It says that changing electric fields produce
magnetic effects. In fact, without this term the equation would not make sense,
because without it there could be no currents in circuits that are not complete
loops. But such currents do exist, as we can see in the following example. Imagine
a capacitor made of two flat plates. It is being charged by a current that flows
toward one plate and away from the other, as shown in Fig. 1-10. We draw a
curve C around one of the wires and fill it in with a surface which crosses the wire,
as shown by the surface S; in the figure. According to Eq. (1.9), the circulation of
B around C is given by the current in the wire (times c2). But what if we fill in the
curve with a different surface S, which is shaped like a bowl and passes between
the plates of the capacitor, staying always away from the wire? There is certainly
no current through this surface. But, surely, just changing the location of an
imaginary surface is not going to change a real magnetic field! The circulation of
B must be what it was before. The first term on the right-hand side of Eq. (1.9)
does, indeed, combine with the second term to give the same result for the two
surfaces S; and §,. For S, the circulation of B is given in terms of the rate of
change of the flux of E between the plates of the capacitor. And it works out that
the changing E is related to the current in just the way required for Eq. (1.9) to be
correct. Maxwell saw that it was needed, and he was the first to write the complete
equation. ’

With the setup shown in Fig. 1-6 we can demonstrate another of the laws of
electromagnetism. We disconnect the ends of the hanging wire from the battery
and connect them to a galvanometer which tells us when there is a current through
the wire. When we push the wire sideways through the magnetic field of the
magnet, we observe a current. Such an effect is again just another consequence of
Eq. (1.1)—the electrons in the wire feel the force F = quv X B. The electrons
have a sidewise velocity because they move with the wire. This v with a vertical B
from the magnet results in a force on the electrons directed along the wire, which
starts the electrons moving toward the galvanometer.
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Suppose, however, that we leave the wire alone and move the magnet. We
guess from relativity that it should make no difference, and indeed, we observe a
similar current in the galvanometer. How does the magnetic field produce forces on
charges at rest? According to Eq. (1.1) there must be an electric field. A moving
magnet must make an electric field. How that happens is said quantitatively by
Eq. (1.7). This equation describes many phenomena of great practical interest,
such as those that occur in electric generators and transformers.

The most remarkable consequence of our equations is that the combination of
Eq. (1.7) and Eq. (1.9) contains the explanation of the radiation of electromag-
netic effects over large distances. The reason is roughly something like this:
suppose that somewhere we have a magnetic field which is increasing because,
say, a current is turned on suddenly in a wire. Then by Eq. (1.7) there must be a
circulation of an electric field. As the electric field builds up to produce its circula-
tion, then according to Eq. (1.9) a magnetic circulation will be generated. But the
building up of rhis magnetic field will produce a new circulation of the electric
field, and so on. In this way fields work their way through space without the need
of charges or currents except at their source. That is the way we see each other!
It is all in the equations of the electromagnetic fields.

1-5 What are the fields?

We now make a few remarks on our way of looking at this subject. You may
be saying: “All this business of fluxes and circulations is pretty abstract. There are
electric fields at every point in space; then there are these ‘laws.” But what is
actually happening? Why can’t you explain it, for instance, by whatever it is that
goes between the charges.” Well, it depends on your prejudices. Many physicists
used to say that direct action with nothing in between was inconceivable. (How
could they find an idea inconceivable when it had already been conceived?) They
would say: “Look, the only forces we know are the direct action of one piece of
matter on another. It is impossible that there can be a force with nothing to trans-
mit it.” But what really happens when we study the “direct action” of one piece of
matter right against another? We discover that it is not one piece right against
the other; they are slightly separated, and there are electrical forces acting on a
tiny scale. Thus we find that we are going to explain so-called direct-contact action
in terms of the picture for electrical forces. It is certainly not sensible to try to
insist that an electrical force has to look like the old, familiar, muscular push or
pull, when it will turn out that the muscular pushes and pulls are going to be inter-
preted as electrical forces! The only sensible question is what is the most con-
venient way to look at electrical effects. Some people prefer to represent them as
the interaction at a distance of charges, and to use a complicated law. Others love
the field lines. They draw field lines all the time, and feel that writing E’s and B’s
is too abstract. The field lines, however, are only a crude way of describing a field,
and it is very difficult to give the correct, quantitative laws directly in terms of field
lines. Also, the ideas of the field lines do not contain the deepest principle of
electrodynamics, which is the superposition principle. Even though we know how
the field lines look for one set of charges and what the field lines look like for an-
other set of charges, we don’t get any idea about what the field line patterns will
look like when both sets are present together. From the mathematical stand-
point, on the other hand, superposition is easy—we simply add the two vectors.
The field lines have some advantage in giving a vivid picture, but they also have
some disadvantages. The direct interaction way of thinking has great advantages
when thinking of electrical charges at rest, but has great disadvantages when dealing
with charges in rapid motion.

The best way is to use the abstract field idea. That it is abstract is unfortunate,
but necessary. The attempts to try to represent the electric field as the motion of
some kind of gear wheels, or in terms of lines, or of stresses in some kind of mate-
rial have used up more effort of physicists than it would have taken simply to get
the right answers about electrodynamics. It is interesting that the correct equations
for the behavior of light in crystals were worked out by McCullough in 1843. But
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people said to him: “Yes, but there is no real material whose mechanical properties
could possibly satisfy those equations, and since light is an oscillation that must
vibrate in something, we cannot believe this abstract equation business.” If people
had been more open-minded, they might have believed in the right equations for
the behavior of light a lot earlier than they did.

In the case of the magnetic field we can make the following point: Suppose
that you finally succeeded in making up a picture of the magnetic field in terms of
some kind of lines or of gear wheels running through space. Then you try to
explain what happens to two charges moving in space, both at the same speed and
parallel to each other. Because they are moving, they will behave like two currents
and will have a magnetic field associated with them (like the currents in the wires
of Fig. 1-8). An observer who was riding along with the two charges, however,
would see both charges as stationary, and would say that there is no magnetic field.
The ““gear wheels” or “lines” disappear when you ride along with the object! All
we have done is to invent a new problem. How can the gear wheels disappear?!
The people who draw field lines are in a similar difficulty. Not only is it not pos-
sible to say whether the field lines move or do not move with charges—they may
disappear completely in certain coordinate frames

What we are saying, then, is that magnetism is really a relativistic effect. In
the case of the two charges we just considered, travelling parallel to each other, we
would expect to have to make relativistic corrections to their motion, with terms of
order »2/c2. These corrections must correspond to the magnetic force. But what
about the force between the two wires in our experiment (Fig. 1-8). There the
magnetic force is the whole force. It didn’t look like a “relativistic correction.”
Also, if we estimate the velocities of the electrons in the wire (you can do this
yourself), we find that their average speed along the wire is about 0.01 centimeter
per second. So v2/c? is about 10725, Surely a negligible “correction.” But no!
Although the magnetic force is, in this case, 10723 of the “normal” electrical force
between the moving electrons, remember that the “normal® electrical forces have
disappeared because of the almost perfect balancing out—because the wires have
the same number of protons as electrons. The balance is much more precise than
one part in 102%, and the small relativistic term which we call the magnetic force is
the only term left. It becomes the dominant term.

It is the near-perfect cancellation of electrical effects which allowed relativity
effects (that is, magnetism) to be studied and the correct equations—to order
vZ/c?—to be discovered, even though physicists didn’t know that’s what was
happening. And that is why, when relativity was discovered, the electromagnetic
laws didn’t need to be changed. They—unlike mechanics—were already correct
to a precision of v%/c2.

1-6 Electromagnetism in science and technology

Let us end this chapter by pointing out that among the many phenomena
studied by the Greeks there were two very strange ones: that if you rubbed a piece
of amber you could lift up little pieces of papyrus, and that there was a strange
rock from the island of Magnesia which attracted iron. It is amazing to think that
these were the only phenomena known to the Greeks in which the effects of elec-
tricity or magnetism were apparent. The reason that these were the only phe-
nomena that appeared is due primarily to the fantastic precision of the balancing
of charges that we mentioned earlier. Study by scientists who came after the Greeks
uncovered one new phenomena after another that were really some aspect of these
amber and/or lodestone effects. Now we realize that the phenomena of chemical
interaction and, ultimately, of life itself are to be understood in terms of electro-
magnetism.

At the same time that an understanding of the subject of electromagnetism
was being developed, technical possibilities that defied the imagination of the people
that came before were appearing: it became possible to signal by telegraph over
long distances, and to talk to another person miles away without any connections
between, and to run huge power systems—a great water wheel, connected by
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filaments over hundreds of miles to another engine that turns in response to the
master wheel—many thousands of branching filaments—ten thousand engines in
ten thousand places running the machines of industries and homes—all turning
because of the knowledge of the laws of electromagnetism.

Today we are applying even more subtle effects. The electrical forces, enor-
mous as they are, can also be very tiny, and we can control them and use them in
very many ways. So delicate are our instruments that we can tell what a man is
doing by the way he affects the electrons in a thin metal rod hundreds of miles
away. All we need to do is to use the rod as an antenna for a television receiver!

From a long view of the history of mankind—seen from, say, ten thousand
years from now—there can be little doubt that the most significant event of the
19th century will be judged as Maxwell’s discovery of the laws of electrodynamics.
The American Civil War will pale into provincial insignificance in comparison with
this important scientific event of the same decade.

1-11




2

Differential Calculus of Veetor Fields

2-1 Understanding physics

The physicist needs a facility in looking at problems from several points of
view. The exact analysis of real physical problems is usually quite complicated,
and any particular physical situation may be too complicated to analyze directly
by solving the differential equation. But one can still get a very good idea of the
behavior of a system if one has some feel for the character of the solution in differ-
ent circumstances. Ideas such as the field lines, capacitance, resistance, and in-
ductance are, for such purposes, very useful. So we will spend much of our time
analyzing them. In this way we will get a feel as to what should happen in different
electromagnetic situations. On the other hand, none of the heuristic models, such
as field lines, is really adequate and accurate for all situations. There is only one
precise way of presenting the laws, and that is by means of differential equations.
They have the advantage of being fundamental and, so far as we know, precise.
If you have learned the differential equations you can always go back to them.
There is nothing to unlearn.

It will take you some time to understand what should happen in different
circumstances. You will have to solve the equations. Each time you solve the
equations, you will learn something about the character of the solutions. To keep
these solutions in mind, it will be useful also to study their meaning in terms of field
lines and of other concepts. This is the way you will really “understand” the equa-
tions. That is the difference between mathematics and physics. Mathematicians,
or people who have very mathematical minds, are often led astray when “studying”
physics because they lose sight of the physics. They say: “Look, these differential
equations—the Maxwell equations—are all there is to electrodynamics; it is
admitted by the physicists that there is nothing which is not contained in the equa-
tions. The equations are complicated, but after all they are only mathematical
equations and if I understand them mathematically inside out, I will understand
the physics inside out.” Only it doesn’t work that way. Mathematicians who study
physics with that point of view—and there have been many of them—usually
make little contribution to physics and, in fact, little to mathematics. They fail
because the actual physical situations in the real world are so complicated that it is
necessary to have a much broader understanding of the equations.

What it means really to understand an equation—that is, in more than a
strictly mathematical sense—was described by Dirac. He said: “I understand what
an equation means if I have a way of figuring out the characteristics of its solution
without actually solving it.”” So if we have a way of knowing what should happen
in given circumstances without actually solving the equations, then we “under-
stand” the equations, as applied to these circumstances. A physical understanding
is a completely unmathematical, imprecise, and inexact thing, but absolutely neces-
sary for a physicist.

* Ordinarily, a course like this is given by developing gradually the physical
ideas—Dby starting with simple situations and going on to more and more compli-
cated situations. This requires that you continuously forget things you previously
learned—things that are true in certain situations, but which are not true in general.
For example, the “law” that the electrical force depends on the square of the
distance is not always true. We prefer the opposite approach. We prefer to take
first the complete laws, and then to step back and apply them to simple situa-
tions, developing the physical ideas as we go along. And that is what we are going
to do.
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Our approach is completely opposite to the historical approach in which one
develops the subject in terms of the experiments by which the information was
obtained. But the subject of physics has been developed over the past 200 years
by some very ingenious people, and as we have only a limited time to acquire our
knowledge, we cannot possibly cover everything they did. Unfortunately one of
the things that we shall have a tendency to lose in these lectures is the historical,
experimental development. It is hoped that in the laboratory some of this lack can
be corrected. You can also fill in what we must leave out by reading the Ency-
clopedia Brittanica, which has excellent historical articles on electricity and on
other parts of physics. You will also find historical information in many textbooks
on electricity and magnetism.

2-2 Scalar and vector fields—7 and 4

We begin now with the abstract, mathematical view of the theory of electricity
and magnetism. The ultimate idea is to explain the meaning of the laws given in
Chapter 1. But to do this we must first explain a new and peculiar notation that
we want to use. So let us forget electromagnetism for the moment and discuss the
mathematics of vector fields. It is of very great importance, not only for electro-
magnetism, but for all kinds of physical circumstances. Just as ordinary differential
and integral calculus is so important to all branches of physics, so also is the
differential calculus of vectors. We turn to that subject.

Listed below are a few facts from the algebra of vectors. It is assumed that
you already know them.

A - B = scalar = A,B, + A B, + A,B, 2.1)
A X B = vector 2.2

(4 X B), = A,B, — A,B,

(4 X B), = A,B, — A.,By

(A X B)y = A,B, — A,B,
AXA=0 2.3)
A -(AXB=0 24
A- BXC=AXB-C 2.5)
AX (BXC)= BA-C)—~ C(4-B) 2.6)

Also we will want to use the two following equalities from the calculus:

Af(x,y,2) = % Ax + g—JZ;Ay + g—z[Az, 2.7
Sf _ &f
axdy  dyodx 3)

The first equation (2.7) is, of course, true only in the limit that Ax, Ay, and Az
go toward zero.

The simplest possible physical field is a scalar field. By a field, you remember,
we mean a quantity which depends upon position in space. By a scalar field we
merely mean a field which is characterized at each point by a single number—a
scalar. Of course the number may change in time, but we need not worry about
that for the moment. We will talk about what the field looks like at a given instant.
As an example of a scalar field, consider a solid block of material which has been
heated at some places and cooled at others, so that the temperature of the body
varies from point to point in a complicated way. Then the temperature will be a
function of x, y, and z, the position in space measured in a rectangular coordinate
system. Temperature is a scalar field.

2-2



X

One way of thinking about scalar fields is to imagine “contours” which are
imaginary surfaces drawn through all points for which the field has the same value,
just as contour lines on a map connect points with the same height. For a tempera-
ture field the contours are called “isothermal surfaces” or isotherms. Figure 2-1
illustrates a temperature field and shows the dependence of T on x and y when
z = 0. Several isotherms are drawn.

There are also vector fields. The idea is very simple. A vector is given for each
point in space. The vector varies from point to point. As an example, consider a
rotating body. The velocity of the material of the body at any point is a vector
which is a function of position (Fig. 2-2). As a second example, consider the flow
of heat in a block of material. If the temperature in the block is high at one place
and low at another, there will be a flow of heat from the hotter places to the colder.
The heat will be flowing in different directions in different parts of the block. The
heat flow is a directional quantity which we call h. Its magnitude is a measure of
how much heat is flowing. Examples of the heat flow vector are also shown

in Fig. 2-1.
”/
/

r4

Let’s make a niore precise definition of A: The magnitude of the vector heat
flow at a point is the amount of thermal energy that passes, per unit time and per
unit area, through an infinitesimal surface element, at right angles to the direction
of flow. The vector points in the direction of flow (see Fig. 2-3). In symbols: If AJ
is the thermal energy that passes per unit time through the surface element Aq, then

AT
h = VL 2.9
where ¢; is a uniz vector in the direction of flow.

The vector k& can be defined in another way—in terms of its components. We
ask how much heat flows through a small surface at any angle with respect to the
flow. In Fig. 2-4 we show a small surface Aa inclined with respect to Aa,, which
is perpendicular to the flow. The unit vector n is normal to the surface Aa,. The
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T=30° Fig. 2-1. Temperature T is an example of a
scalar field. With each point (x, y, z) in space

T =20° there is associated a number T(x, y, z). All points on
the surface marked T = 20° (shown as a curve at

T =10° z = 0) are at the same temperature. The arrows

are samples of the heat flow vector h.

—ROTATION

Fig. 2-2. The velocity of the atoms
in a rotating object is an example of a
vector field.

Fig. 2-3. Heat flow is a vector fleld. The vector
b points along the direction of the flow. Its magni-
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h
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heat flow
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tude is the energy transported per unit time across a

divided by the area of the surface element.

Fig. 2—-4. The heat flow through Aa;
is the same as through Aa;.



angle § between n and A is the same as the angle between the surfaces (since A is nor-
mal to Aa;). Now what is the heat flow per unit area through Aa,? The flow
through Aa, is the same as through Aa,; only the areas are different. In fact,
Aa; = Aa,cos 8. The heat flow through Aa, is

A _ A cos b = k- n. (2.10)

We interpret this equation: the heat flow (per unit time and per unit area) through
any surface element whose unit normal.is n, is given by & - n. Equally, we could
say: the component of the heat flow perpendicular to the surface element Aaj, is
k- n. We can, if we wish, consider that these statements define h. We will be apply-
ing the same ideas to other vector fields.

2-3 Derivatives of fields—the gradient

When fields vary in time, we can describe the variation by giving their deriva-
tives with respect to . We want to describe the variations with position in a similar
way, because we are interested in the relationship between, say, the temperature in
one place and the temperature at a nearby place. How shall we take the derivative
of the temperature with respect to position? Do we differentiate the temperature
with respect to x? Or with respect to y, or z2?

Useful physical laws do not depend upon the orientation of the coordinate
system. They should, therefore, be written in a form in which either both sides are
scalars or both sides are vectors. What is the derivative of a scalar field, say
dT/3x? Is it a scalar, or a vector, or what? It is neither a scalar nor a vector, as
you can easily appreciate, because if we took a different x-axis, 07/dx would cer-
tainly be different. But notice: We have three possible derivatives: 7/dx, dT/dy,
and 87/dz. Since there are three kinds of derivatives and we know that it takes
three numbers to form a vector, perhaps these three derivatives are the components
of a vector:

(g% , %}7; > g) < a vector. (2.11)

Of course it is not generally true that any three numbers form a vector. It is
true only if, when we rotate the coordinate system, the components of the vector
transform among themselves in the correct way. So it is necessary to analyze how
these derivatives are changed by a rotation of the coordinate system. We shall
show that (2.11) is indeed a vector. The derivatives do transform in the correct
way when the coordinate system is rotated.

We can see this in several ways. One way is to ask a question whose answer is
independent of the coordinate system, and try to express the answer in an “in-
variant” form. For instance, if S = A - B, and if 4 and B are vectors, we know—
because we proved it in Chapter 11 of Vol. I-—that S is a scalar. We know that S
is a scalar without investigating whether it changes with changes in coordinate
systems. It can’t, because it’s a dot product of two vectors. Similarly, if we know
that A is a vector, and we have three numbers B, Bs, and B3, and we find out that

A.B, + Asz + A4,B3 = S, (2-12)

where § is the same for any coordinate system, then it must be that the three
numbers By, B,, B; are the components B, B,, B, of some vector B.

Now let’s think of the temperature field. Suppose we take two points P, and
P, separated by the small interval AR. The temperature at P, is T; and at P, is
T, and the difference AT = T, — T,. The temperatures at these real, physical
points certainly do not depend on what axis we choose for measuring the coordi-
nates. In particular, AT is a number independent of the coordinate system. Itisa
scalar.
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If we choose some convenient set of axes, we could write 7, = T(x, y, z) and
Ty = T(x + Ax,y + Ay, z + Az), where Ax, Ay, and Az are the components of
the vector AR (Fig. 2-5). Remembering Eq. (2.7), we can write
AT = gTA +3 A + ——Az @.13)
The left side of Eq. (2.13) is a scalar. The right side is the sum of three products
with Ax, Ay, and Az, which are the components of a vector. It follows that the
three numbers
o oT oT
ax oy 3z

are also the x-, y-, and z-components of a vector. We write this new vector with
the symbol VT. The symbol V (called “del”) is an upside-down A, and is supposed
to remind us of differentiation. People read VT in various ways: “del-T,” or
“gradient of T,” or “grad T;”

(2.14)

grad T = VT = (aT oT aT)

24 ay 0z

Using this notation, we can rewrite Eq. (2.13) in the more compact form
AT = VT - AR. (2.15)

In words, this equation says that the difference in temperature between two nearby
points is the dot product of the gradient of T and the vector displacement between
the points. The form of Eq. (2.15) also illustrates clearly our proof above that
VT is indeed a vector.

Perhaps you are still not convinced? Let’s prove it in a different way. (Al-
though if you look carefully, you may be able to see that it’s really the same proof
in a longer-winded form!) We shall show that the components of V7T transform in
just the same way that components of R do. If they do, VT is a vector according to
our original definition of a vector in Chapter 11 of Vol. I. We take a new coordi-
nate system x’, 3’, 2/, and in this new system we calculate 97/9x', 47/3y’, and
dT/dz’. To make things a little simpler, we let z = Z’, so that we can forget about
the z-coordinate. (You can check out the more general case for yourself.)

We take an x’y’-system rotated an angle 6 with respect to the xy-system, as
in Fig. 2-6(a). For a point (x, y) the coordinates in the prime system are

x' = xcos 8 + ysin 6, (2.16)
y' = —xsin @ 4+ ycosé. 2.17)
Or, solving for x and y,
x = x"cos § — y'sin 9, (2.18)
y = x'sin 6 4+ )’ cos 6. 2.19)

If any pair of numbers transforms with these equations in the same way that x
and y do, they are the components of a vector.

Now let’s look at the difference in temperature between the two nearby
points Py and P,, chosen as in Fig. 2-6(b). If we calculate with the x- and y-
coordinates, we would write

oT
AT = o Ax (2.20)

—since Ay is zero.

* In our notation, the expression (a, b, c) represents a vector with components a, b,
and ¢. If you like to use the unit vectors #, j, and &, you may write

oT
VI = t——+jay+k—-
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If we choose some convenient set of axes, we could write 7; = T(x, y, z) and

y
= T(x + Ax,y + Ay, z + Az), where Ax, Ay, and Az are the components of
the vector AR (Fig. 2-5). Remembering Eq. (2.7), we can write \ o
1 0 "’
' frt—=2"5 R oy
AT_"—TA +3 A +——Az @13y NY P o
//21 : //I T TAK ” ll :;)
The left side of Eq. (2.13) is a scalar. The right side is the sum of three products ’ Krmmom o o
with Ax, Ay, and Az, which are the components of a vector. It follows that the -
three numbers PRI . S
"/ ~—
o oT or ; £
ax’ ay oz
are also the x-, y-, and z-components of a vector. We write this new vector with Fig. 2-5. The vector AR, whose com-

the symbol V7. The symbol V (called “del”) is an upside-down A, and is supposed ~ PO"e"'s are Ax, Ay, and Az.
to remind us of differentiation. People read VT in various ways: “del-T,” or
“gradient of T,” or “grad T;”

*
grad T = VT = (aT oT aT)- (2.14)

ox 9y 9z
Using this notation, we can rewrite Eq. (2.13) in the more compact form
AT = VT -AR. (2.15)

In words, this equation says that the difference in temperature between two nearby
points is the dot product of the gradient of T and the vector displacement between
the points. The form of Eq. (2.15) also illustrates clearly our proof above that
VT is indeed a vector.

Perhaps you are still not convinced? Let’s prove it in a different way. (Al-
though if you look carefully, you may be able to see that it’s really the same proof
in a longer-winded form!) We shall show that the components of V7 transform in
just the same way that components of R do. If they do, VT is a vector according to
our original definition of a vector in Chapter 11 of Vol. I. We take a new coordi-

nate system x’, ', z’, and in this new system we calculate 97/9x', 9T/9y’, and 4 WL (@
dT/3z’. To make things a little simpler, we let z = Z’, so that we can forget about
the z-coordinate. (You can check out the more general case for yourself.) x b
We take an x’y’-system rotated an angle 8 with respect to the xy-system, as '":;/_;/ '
in Fig. 2-6(a). For a point (x, y) the coordinates in the prime system are '
X = xcosf + ysin 6, (2.16) ’ g
N
Yy = —xsin8 + ycosé. 2.17) *
Or, solving for x and y, y y )
x = x"cos § — y'sin 9, (2.18)
. '19/\\”’
y = x'sin @ + ) cos 6. 2.19) P~ & TR
If any pair of numbers transforms with these equations in the same way that x X!
and y do, they are the components of a vector.
Now let’s look at the difference in temperature between the two nearby -—
points Py and P,, chosen as in Fig. 2-6(b). If we calculate with the x- and y-
coordinates, we would write Fig. 2-6. (a) Transformation to a
BT rotated coordinate system. (b} Special
AT = o Ax (2.20) case of an interval AR parallel to the

—since Ay is zero. x-axis.

* In our notation, the expression (a, b, c) represents a vector with components a, b,
and ¢. If you like to use the unit vectors #, j, and &, you may write

oT
VI = t——+]ay+k-
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What would a computation in the prime system give? We would have written

oT ., , oT

Looking at Fig. 2-6(b), we see that

Ax' = Axcos 8 2.22)
and
Ay = —Axsin 6, (2.23)

since Ay is negative when Ax is positive. Substituting these in Eq. (2.21), we find
that

AT = -6-]—: Axcos 0 — —al: Ax sin § (2.24)
X ay
aT aT .
= (W cos § — 3 sin 0) Ax. (2.25)
Comparing Eq. (2.25) with (2.20), we see that
oT _ aT oT .
3% = 0 OO g — G sin 4. (2.26)

This equation says that d7/dx is obtained from 47/dx’ and 8T/dy’, just as x is
obtained from x’ and y’ in Eq. (2.18). So 9T/dx is the x-component of a vector.
The same kind of arguments would show that 67/9dy and 67/9z are y- and z-com-
ponents. So VT is definitely a vector. It is a vector field derived from the scalar
field T.

2-4 The operator V

Now we can do something that is extremely amusing and ingenious—and
characteristic of the things that make mathematics beautiful. The argument that
grad T, or VT, is a vector did not depend upon what scalar field we were differ-
entiating. All the arguments would go the same if 7 were replaced by any scalar
field. Since the transformation equations are the same no matter what we differ-
entiate, we could just as well omit the T and replace Eq. (2.26) by the operator
equation

% - 5% - ai;—, sin . .27)
We leave the operators, as Jeans said, “hungry for something to differentiate.”

Since the differential operators themselves transform as the components of a

vector should, we can call them components of a vector operator. We can write

Jd 9 4
= — s —ry—]> 2.2
v <6x ay az) (2.28)
which means, of course,
a a a
= Ty T 2.29)

We have abstracted the gradient away from the T—that is the wonderful idea.
You must always remember, of course, that V is an operator. Alone, it
means nothing. If V by itself means nothing, what does it mean if we multiply
it by a scalar—say 7—to get the product 7v? (One can always multiply a vector
by a scalar.) It still does not mean anything. Its x-component is
d

T —

= (2.30)

which is not a number, but is still some kind of operator. However, according to
the algebra of vectors we would still call TV a vector.

2-6



Now let’s multiply V by a scalar on the other side, so that we have the product
(vT). In ordinary algebra
TA = AT, (2.31)

but we have to remember that operator algebra is a little different from ordinary
vector algebra. With operators we must always keep the sequence right, so that
the operations make proper sense. You will have no difficulty if you just remember
that the operator V obeys the same convention as the derivative notation. What is
to be differentiated must be placed on the right of the v. The order is important.

Keeping in mind this problem of order, we understand that 7'V is an operator,
but the product V7T is no longer a hungry operator; the operator is completely
satisfied. It is indeed a physical vector having a meaning. It represents the spatial
rate of change of T. The x-component of VT is how fast 7 changes in the x-direc-
tion. What is the direction of the vector vI'? We know that the rate of change of
T in any direction is the component of VT in that direction (see Eq. 2.15). It
follows that the direction of VT is that in which it has the largest possible com-
ponent—in other words, the direction in which T changes the fastest. The gradient
of T has the direction of the steepest uphill slope (in T).

2-5 Operations with V

Can we do any other algebra with the vector operator v? Let us try combining
it with a vector. We can combine two vectors by making a dot product. We could
make the products

(a vector) - v, or V - (a vector).

The first one doesn’t mean anything yet, because it is still an operator. What it
might ultimately mean would depend on what it is made to operate on. The
second product is some scalar field. (4 - B is always a scalar.)
Let’s try the dot product of V with a vector field we know, say k. We write
out the components:
V.h=Vh, + Vh, + V.h, (2.32)
or

V-h= + (2.33)
The sum is invariant under a coordinate transformation. If we were to choose a
different system (indicated by primes), we would have*

Ohy | Ohy | Ohe

Y ~ ke '8
vk ax’ a9y’ 9z’

(2.34)

which is the same number as would be gotten from Eq. (2.33), even though it
looks different. That is,
Vi h=V-h (2.35)

for every point in space. So V -k is a scalar field, which must represent some
physical quantity. You should realize that the combination of derivatives in
V -+ h is rather special. There are all sorts of other combinations like dk,/dx,
which are neither scalars nor components of vectors.

The scalar quantity Vv - (a vector) is extremely useful in physics. It has been
given the name the divergence. For example,

V -k = divh = “divergence of h.” (2.36)

As we did for VT, we can ascribe a physical significance to V - h. We shall, how-
ever, postpone that until later.

* We think of & as a physical quantity that depends on position in space, and not
strictly as a mathematical function of three variables. When & is “differentiated” with
respect to x, y, and z, or with respect to x